Various solutions of the atmospheric neutrino data are reviewed. Apart from orthodox two flavor νµ ↔ ντ oscillations and three flavor oscillations, there are still possibilities, such as four flavor oscillations with the (2+2)-and (3+1)-schemes, a neutrino decay scenario and decoherence, which give a good fit to the data.
Introduction
It has been known that the atmospheric neutrino anomaly 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11 can be accounted for by dominant ν µ ↔ ν τ oscillations with almost maximal mixing, and the zenith angle dependence of atmospheric neutrinos has been analyzed by many theorists 12 as well as by experimentalists 1, 2, 4, 5, 6, 9, 10 . On the other hand, the solar neutrino observations 13, 14, 15, 16, 17, 18 and the LSND experiment 19, 20 also suggest neutrino oscillations. ∆m (the mass squared differences suggested by the atmospheric neutrino anomaly, the solar neutrino deficit and the LSND data) have different orders of magnitudes and there have been a lot of works to analyze the atmospheric neutrino data from the view point of ordinary oscillations due to mass with two, three and four flavors as well as exotic scenarios. In this talk I will review the status of various scenarios which have been proposed to explain the atmospheric neutrino problem.
2 Neutrino oscillations due to mass
Neutrino oscillations with two flavors
The most up-to-date result of the two flavor analysis of ν µ ↔ ν τ with 1289 day data has been given by McGrew 8 and the allowed region of the oscillation parameters at 90%CL is 0.88 < sin 2 2θ atm ≤ 1
On the other hand, two flavor analysis of ν µ ↔ ν s has been done by the Superkamiokande group using the data of neutral current enriched multi-ring events, high energy partially contained events and upward going µ's, and they have excluded the two flavor oscillation ν µ ↔ ν s at 99%CL 6 .
Neutrino oscillations with three flavors
The flavor eigenstates are related to the mass eigenstates by the 3 × 3 MNS mixing matrix: , 2, 3) are the mass squared for the mass eigenstates. Since there are only two independent mass squared differences, it is impossible to account for the solar neutrino deficit, the atmospheric neutrino anomaly and LSND (the only nontrivial possibility is to take ∆m LSND and to try to explain the solar neutrino problem with the energy independent solution; It turns out, however, that the main oscillation channel in the atmospheric neutrinos in this case is ν µ ↔ ν e and therefore the zenith angle dependence of the atmospheric neutrino data cannot be explained). So I have to give up an effort to explain LSND and I have to take ∆m 
2 then the CHOOZ reactor data 21 force us to have either θ 13 ≃ 0 or θ 13 ≃ π/2. On the other hand, the solar oscillation probability in the three flavor framework is related to that in the two flavor case by
where A(x) stands for the matter effect. To account for the solar neutrino deficit, therefore, |s 13 | cannot be too large, so it follows that |θ 13 | ≪ 1 and the MNS mixing matrix U becomes
which indicates that the solar neutrino problem is explained by oscillations half of which is ν e → ν µ and the other is ν e → ν τ , and that the atmospheric neutrino anomaly is accounted for by oscillations of almost 100% ν µ → ν τ (|ǫ| ≡ |θ 13 | ≪ 1).
On the other hand, if ∆m 2 atm <2 × 10 −3 eV 2 , then θ 13 can be relatively large (This possibility gives a bad fit to the atmospheric neutrino data but is not excluded at 4σCL yet). From the combined three flavor analysis of the Superkamiokande atmospheric neutrino data with the CHOOZ data, it has been shown 23, 24 that |θ 13 | < ∼ π/12 is allowed at 99%CL. Hence the probability
of appearance of ν e can be relatively large and there is a chance in long baseline experiments to observe ν e in this case.
Neutrino oscillations with four flavors
To explain the solar, atmospheric and LSND data within the framework of neutrino oscillations, it is necessary to have at least four kinds of neutrinos. In the case of four neutrino schemes there are two distinct types of mass patterns. One is the so-called (2+2)-scheme ( Fig. 1(a) ) and the other is the (3+1)-scheme ( Fig. 1(b) or (c)). Depending on the type of the two schemes, phenomenology is different. The atmospheric neutrino data were analyzed by Refs. 25, 26 with the (2+2)-scheme. Here I assume the mass pattern in Fig. 1 
)∆ 32 , where sin 2 2θ CDHSW (∆m 2 ) stand for the value of the boundary of the excluded region of CDHSW 27 in the two flavor analysis as a function of ∆m 2 . With these assumptions, ν e decouples from other three neutrinos, and the problem is reduced to the three flavor neutrino analysis among ν µ , ν τ , ν s and the reduced MNS matrix is with D ≡ diag e iδ1/2 , 1, e −iδ1/2 (λ j are the 3 × 3 Gell-Mann matrices) is the reduced 3 × 3 MNS matrix. This MNS matrix U is obtained by substitution θ 12 → θ 23 − π/2, θ 13 → θ 24 , θ 12 → π/2 − θ 34 , δ → δ 1 in the standard parametrization in Ref. 28 . θ 34 corresponds to the mixing of ν µ ↔ ν τ and ν µ ↔ ν s , while θ 23 is the mixing of the contribution of sin 2 (∆m 2 atm L/4E) and sin 2 (∆m 2 LSND L/4E) in the oscillation probability. The allowed region at 90%CL of the atmospheric neutrino data is roughly given by 25 
• . The reasons that the (2+2)-scheme is consistent with the recent Superkamiokande data are because both solar and atmospheric neutrinos have hybrid of active and sterile oscillations in this scheme and because there is a constant term in the surviving probability , I have U e4 ≃ U µ4 ≃ 0 and this case is reduced to the analysis in the (2+2)-scheme with θ 23 = 0. The allowed region at 90%CL is given roughly by −π/4 < ∼ θ 34 < ∼ π/4, 0.8 < ∼ sin 2 2θ 24 ≤ 1, where θ 34 and θ 24 stand for the mixing of ν µ ↔ ν τ and ν µ ↔ ν s and the mixing of atmospheric neutrino oscillations, respectively.
Exotic solutions
Apart from ordinary oscillations due to mass, several possibilities have been proposed which predict different behaviors of the oscillation probability as a function of the neutrino energy. Those include violation of the equivalence principle 34 , violation of the Lorentz invariance 35 , presence of torsion 36 , flavor changing neutral current interactions 37 , neutrino decays 38,39 decoherence of the neutrino beam 40 , large extra dimensions 41 , etc. As in the case of test of sterile oscillations, the zenith angle dependence (or the up-down asymmetry) of the high energy atmospheric neutrino data give strong constraints on these exotic scenarios. In the case of violation of the equivalence principle or the Lorentz invariance, the ν µ disappearance probability P µµ ≡ P (ν µ → ν µ ; L) is given by
and in the case of flavor changing neutral current interactions
Both possibilities are strongly disfavored (See Fig. 2 which is taken from Ref. 7 ). In the case of neutrino decays, which were originally introduced to try to explain the solar, atmospheric neutrinos and LSND within the three flavor framework with two oscillation parameters ∆m 2 21 , ∆m 2 32 and one neutrino decay constant α, the disappearance probability is
which has the following two extreme cases:
. If the case A gave a good fit to the data then it would be possible to account for the solar neutrino deficit, the atmospheric neutrino anomaly and the LSND data within the three flavor framework by putting ∆m
atm , but unfortunately it is not the case. It has been shown that the case A gives a bad fit 38 but the case B gives a good fit to the data 39 . Similarly, decoherence of the neutrino beam predicts
and this scenario has been shown 40 to give a good fit to the data.
Before the announcement against sterile oscillations in both solar 16 and atmospheric 6 neutrino data by the Superkamiokande group in June 2000, several groups 41 claimed that scenarios of large extra dimension give a good fit to the data of solar neutrinos or atmospheric neutrinos. However, oscillations predicted by those scenarios are basically sterile oscillations and they may no longer give a good fit to the data.
The behaviors of the surviving probability P (ν µ → ν µ ) in vacuum is plotted as a function of L/E in Fig. 3 (taken from Ref. 42 ) for various scenarios. The main difference between the oscillation due to mass and the exotic scenarios is that the former has dip in the surviving probability and it will be possible to check the existence of the dip in long baseline experiments or atmospheric neutrino experiments like MONOLITH 43 in the future.
Summary
In this talk I have reviewed various solutions of the atmospheric neutrino data. The two flavor ν µ ↔ ν τ oscillation with almost maximal mixing gives an excellent fit to the data, and consequently so does the three flavor oscillation with small θ 13 . As for four flavor oscillation scenarios, there are two types of schemes. The (2+2)-scheme is still consistent with both the solar and atmospheric neutrino data, since both solar and atmospheric neutrino oscillations are hybrid of active and sterile oscillations. The (3+1)-scheme is allowed for ∆m 2 LSND =0.9, 1.7, 6.0 eV 2 and in this scheme the solar neutrino deficit is accounted for by active oscillations while the atmospheric neutrino anomaly is explained by hybrid of active and sterile oscillations. There are also a couple of exotic scenarios which give a good fit to the data. They are scenarios of neutrino decay and decoherence, and these hypotheses can be checked by looking at the oscillation dip in the probability in the future experiments.
